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^: 

The property of spatial mixing and strong spatial mixing in spin systems has been of 
interest because of its implications on uniqueness of Gibbs measures on infinite graphs and 
efficient approximation of counting problems that are otherwise known to be #P hard. 
In the context of coloring, strong spatial mixing has been established for regular trees in 
[GS11] when q > a* A + 1 where q the number of colors, A is the degree and a* = 1.763.. 
is the unique solution to xe~ x l x = 1. It has also been established in [GMP05| for bounded 
degree lattice graphs whenever q > a*A — f3 for some constant /3, where A is the maximum 
vertex degree of the graph. The latter uses a technique based on recursively constructed 
coupling of Markov chains whereas the former is based on establishing decay of correlations 

. on the tree. We establish strong spatial mixing of list colorings on arbitrary bounded degree 

triangle- free graphs whenever the size of the list of each vertex v is at least aA(v) + (3 where 
A{v) is the degree of vertex v and a > a* and f3 is a constant that only depends on a. 

. We do this by proving the decay of correlations via recursive contraction of the distance 

1 1 between the marginals measured with respect to a suitably chosen error function. 

o: 

1 Introduction 

In this paper we study the problem of list colorings of a graph. We explore the strong spatial 
^ ■ mixing property of list colorings on triangle-free graphs which pertains to exponential decay 

of boundary effects when the list coloring is generated uniformly at random conditioned on 
the coloring of the boundary. This means fixing the color of vertices far away from a vertex 
v has negligible impact (exponentially decaying correlations) on the probability of v being 
colored with a certain color in its list. A related but weaker notion is weak spatial mixing. 
Strong spatial mixing is stronger than weak spatial mixing because it requires exponential 
decay of boundary effects even when some of the vertices near v are conditioned to have 
fixed colors. 

Jonasson in |Jon02j showed weak spatial mixing on regular trees of any degree A when- 
ever the number of colors q is greater than or equal to A+l. However the weakest conditions 
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for which strong spatial mixing on trees has been established thus far is by Ge and Ste- 
fankovic [GSll] for q > a* A + 1 where a* = 1.763.. is the unique solution to xe~ 1 ^ x = 1. 
For lattice graphs (or more generally triangle-free amenable graphs) strong spatial mixing 
was established by Goldberg, Martin and Paterson in [GMP05] for q > a* A — (3 for a fixed 
constant f3. In fact their result also holds when the setting is generalized to the list coloring 
problem. In this paper we generalize these results under a mildly stronger condition by 
establishing strong spatial mixing of list colorings on arbitrary bounded degree triangle free 
graphs whenever the size of the list of each vertex v is at least aA(v) + /3, where A(v) is 
the degree of v , a satisfies a > a* and f3 is a constant that only depends on a. 

The notion of spatial mixing is closely connected to the uniqueness of the infinite volume 
Gibbs measure on the spin system defined by the list coloring problem. In fact weak 
spatial mixing is a sufficient condition for there to be a unique Gibbs measure. Strong 
spatial mixing is also closely related to the problem of approximately counting the number 
of valid colorings of a graph which is the partition function of the Gibbs measure. For 
amenable graphs strong spatial mixing also implies rapid mixing of Glauber dynamics which 
leads to efficient randomized approximation algorithms for computing the total number 
of valid colorings of a graph, e.g. in |Jer95| . [HV05] . |VigOO| , |Mol04j etc. The decay 
of correlations property similar to strong spatial mixing has also been shown to lead to 
deterministic FPTAS (Fully Polynomial Time Approximation Scheme) for computing the 
partition function of the Gibbs measure. This technique was introduced by Bandyopadhyay 
and Gamarnik in [BG08J (conference version in SODA'06) and Weitz in |We i06l and has 
been subsequently employed by Gamarnik and Katz [G K12j for the list coloring problem. 
Since decay of correlations implies the uniqueness of Gibbs measure on regular trees and 
regular trees represent maximal growth of the size of the neighborhood for a given degree, 
it is a general conjecture that efficient approximability of the counting problem coincides 
with the uniqueness of Gibbs measure on regular trees. More precisely the conjecture states 
that an FPTAS for counting colorings exists for any arbitrary graph whenever q > A + 2. 
We are still very far from proving this conjecture or even establishing strong spatial mixing 
under this condition. 

The setup of this paper is similar to [GK12| . In |GK12] it was shown that the logarithm 
of the ratio of the marginals induced by the two different boundary conditions contract 
in norm as we move away from the boundary whenever |£(t>)| > aA(v) + /3 where 
a > a** ~ 2.78.. and /3 is a constant that only depends on a. In this paper we measure the 
distance with respect to a conveniently chosen error function which allows us to tighten the 
contraction argument and relax the required condition to a > a* ~ 1.76... This also means 
that the Gibbs measure on such graphs is unique. However unlike ( !K 12 the result of this 
paper does not directly lead to an FPTAS for counting colorings. We give more details 
about this later in the paper. 

The rest of the paper is organized as follows. In Section [2] we introduce the notation, 
basic definitions and preliminary concepts. Also in this section we provide the statement of 
our main result and discuss in detail its implications and connections to previous results. 
In Section [3] we establish some preliminary technical results. In Section U] we prove the 
main result of this paper. We end the paper with some concluding remarks and discuss 
directions for future research. 
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2 Definitions and Main Result 



We denote by Q = (V, £ ) an infinite graph with the set of vertices and edges given by V 
and £. For a fixed vertex v € V we denote by A(f ) the degree of v and by A the maximum 
degree of the graph, i.e. A = max^gy A(v) < oo. The distance between two vertices v\ and 
V2 in V is denoted by d(v\,V2) which might be infinite if v\ and vi belong to two different 
connected components of Q. For two finite subsets of vertices C V and ^2 C V, the 
distance between them is defined as d(^f 1,^2) = min{d(ui,«2) : v i £ ^2 £ ^2}- We 
assume {1, 2, . . . , q} to be the set of all colors. Each vertex v € V is associated with a finite 
list of colors L{v) C {1,2, ... ,q} and £ = (L(v) : v e V) is the sequence of lists. The 
total variational distance between two discrete measures [i\ and [12 on a finite or countable 
sample space Cl is given by \\fii — H2W and is defined as — A*2 1 ] = S^ef2 l^i^) ~~ /^2(w)|. 

A valid list coloring C of £ is an assignment to each vertex v E V, a color c(t>) G L(t> ) 
such that no two adjacent vertices have the same color. A measure on the set of all valid 
colorings of an infinite graph Q is called an infinite volume Gibbs measure with the uniform 
specification if, for any finite region ^ C Q, the distribution induced on ^ by [i conditioned 
on any coloring C of the vertices V\\& is the uniform conditional distribution on the set of 
all valid colorings of ^ . We denote this distribution by /i^. For any finite subset f C 6, 
let denote the boundary of ^, i.e. the set of vertices which are adjacent to some vertex 
in ^ but are not a part of ^ . 

Definition 1. The infinite volume Gibbs measure [i on Q is said to have strong spatial 
mixing (with exponentially decaying correlations) if there exists positive constants A and 
9 such that for any finite region ^ C G, any two colorings C%, C2 (where 'free' vertices, i.e. 
vertices to which no color has been assigned, are also allowed) of which differ only on 
a subset W C d^, and any subset AC$, 

||^-^ 2 ||A<^|A|e- fl W). (1) 

Here H/% 1 — /% 2 ||a denotes the total variational distance between the two distributions /i^, 1 
and iiq, 2 restricted to the set A. 

We have used the definition of strong spatial mixing from Weitz's PhD thesis [Wei04| . 
As mentioned in [Wei04j , this definition of strong spatial mixing is appropriate for general 
graphs. A similar definition is used in [GMPOS^, where the set W of disagreement was 
restricted to be a single vertex. This definition is more relevant in the context of lattice 
graphs (or more generally amenable graphs), where the neighborhood of a vertex grows 
slowly with distance from the vertex. In that context, the definition involving one vertex 
disagreement and the one we have adopted are essentially the same. 

Let a* = 1.76.. be the unique root of the equation 

_ 1 

xe * = 1. 

For our purposes we will assume that the graph list pair (Q, C) satisfies the following. 
Assumption 1. The graph Q is triangle-free. The size of the list of each vertex v satisfies 

\L(v)\>aA(v)+(3. (2) 

for some constant a > a* and (3 = f3(a) > ^ x is such that 

(l-l//3)ae-^ 1+1 ^ > 1. 
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Using the above assumption we now state our main result. 

Theorem 1. Suppose Assumption[l\ holds for the graph list pair (Q,C). Then the Gibbs 
measure with the uniform specification on {G,C) satisfies strong spatial mixing with expo- 
nentially decaying correlations. 

We establish some useful technical results in the next section before presenting the 
details of the proof in Section @. 



3 Preliminary technical results 

The following theorem establishes strong spatial mixing for the special case when A consists 
of a single vertex. 

Theorem 2. Suppose Assumption^ holds for the graph list pair (G,C). Then there exists 
positive constants B andj such that given any finite region \t C Q, any two colorings C±,C 2 
ofV\^> which differ only on a subset W C d^Sf, and any vertex and color j 6 L(v), 

P{c{v)=j\C l ) 

(1 e) ~ P(c(v) = j\C 2 ) " (1 + ej (3) 

where e = Be~^ w ^ 

We will now show that Theorem [1] follows from Theorem [2j 

Proof of Theorem [7J To prove this, we use induction on the size of the subset A. The base 
case with |A| = 1 is equivalent to the statement of Theorem [2j Assume that the statement 
of Theorem [T] is true whenever |A| < t for some integer t > 1. We will use this to prove 
that the statement holds when |A| = t + 1. Let the vertices in A be v\,v 2 , . . . , t>t+i- Let 
v k = « fe ) and J k = (ji,...,jk) where ji € L(vi), 1 < i < k. Also let c(v k ) = 

(c(t>i), c(v2), . . . , c(-Ufc)) denote the coloring of the vertecies v\, i>2, • • ■ , v^. 

P(c(v t+ i) =J t+1 |Ci) =P(c(v t ) = J t |Ci)P(c(«t+i =j t+1 )| c (v t ) = Jt,Ci) 

<(l + e)P(c(v t ) = J t [Ci)P(c(«t+i = j t+1 )\c(v t ) = J t ,C 2 ). 

The inequality in the last statement follows from Theorem [2l This gives 

P(c(v t+ i) = Jt+i|Ci) - P(c(v t +i) = Jt+i|C 2 ) 

<(1 + e)P(c(v t ) = J t |Ci)P(c(^ +1 = jt+i)\c(v t ) = 3 t ,C 2 ) 

-P(c(v t ) = 3 t \C 2 )P(c(v t+l = j m )|c(v t ) = J t , C 2 ) 

=eP(c(v t ) = J t |Ci)P(c(t* + i =j t+1 )|c(v t ) = Jt,C 2 ) 

+P(c(v t+1 = jt+iMv t ) = J t , C 2 ){P(c(v t ) = J t |Ca) - P(c(v t ) = JtlCa)} 

Similarly 

P(c(v t+ i) = Jt+i|Ci) - P(c(v t+1 ) = J t+ i|C 2 ) 

> - eP(c(v t ) = Jt|Ci)P(c(ut + i = jt+i)\c(y t ) = J t , C 2 ) 

+P(c(v t+1 = i m )|c(v t ) = J t , C 2 ){P(c(v t ) = J t |d) - P(c(v t ) = Jt|C 2 )} 
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Combining the above, we get 



|P(c(v t+ i) = Jt+i|Ci) - P(c(vt+i) = Jt+i|C 2 )| 

<eP(c(v t ) = Jt|Ci)P( C (^ t+ i =j t+1 )\c(y t ) = J tj C 2 ) 

+P(c(v t+ i = it+i)|c(v t ) = J t , C 2 ) |{P(c(v t ) = Jtld) - P(c(v t ) = Jt|C 2 )}| 
We can now bound the total variational distance H/i^ 1 — ^ 2 ||a as follows. 

J2 |P(c(v t +i) = J t +i|Ci) - P(c(vt+i) = Jt+i|C 2 )| 

j l eL(v l ), i<i<t+i 

< eP (c(vt) = J t |Ci)P(c(z;t + i = j t+ i)|c(v t ) = J t ,C 2 ) 

ji&L{vi), l<i<t+l 

+ £ P(c(«t + i=it+i)|c(vt) = Jt,C 2 ) |{P(c(v t ) = J t |Ci)-P( C (v t )=Jt|C 2 )}| 

<e+\\^ -^\\ A \ Vt+1 
<(t + l)e. 

where the last statement follows from the induction hypothesis. This completes the induc- 
tion argument. □ 

So, in order to establish Theorem [Tj it is enough to show that Theorem [2] is true. We 
claim that Theorem [2] follows from the theorem below which establishes weak spatial mixing 
whenever Assumption [T] holds. In other words under Assumption [H strong spatial mixing 
of list colorings for marginals of a single vertex holds whenever weak spatial mixing holds. 
In fact Q need not be triangle-free for this implication to be true as will be clear from the 
proof below. 

Theorem 3. Suppose Assumption^ holds for the graph list pair {Q , C).Then there exist 
positive constants B andj such that given any finite region ^ C Q, any two colorings Ci,C 2 

where e = Be~^ d{v ^\ 

We first show how Theorem [2] follows from Theorem [31 

Proof of Theorem® Consider two colorings Ci,C 2 of the boundary d^f of ^ which differ 
only on a subset W C d^> as in the statement of Theorem [2j Let d = d(v,W). We first 
construct a new graph list pair [Q' ,£) from (Q, C). Here Q' is obtained from Q by deleting 
all vertices in which are at a distance less than d from v. Notice that for all such 
vertices C\ and C 2 agree. Whenever a vertex u is deleted from Q, remove from the lists 
of the neighbors of u the color c(u) which is the color of u under both C\ and C 2 . This 
defines the new list C! . In this process, whenever a vertex u loses a color in its list it also 
loses one of its edges. Also for a > a* > 1, we have \L(v) \ — 1 > a(A(v) — 1) + j3 whenever 
\L{v)\ > aA(v) + (3. Therefore, the new graph list pair ((/',£') also satisfies Assumption [TJ 
Define the region VP' C Q' as the ball of radius (d— 1) centered at v. Let D\ and -D 2 be two 
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colorings of (^') c which agree with C\ and C% respectively. From the way in which G',£' 
is constructed we have 



?9,c{c{v) = j\d) = Pg>,c>(c(v) = j\Di) for i = 1, 2. (5) 

where Pg£(E) denotes the probability of the event E in the graph list pair ((/,£). If V is 
the set of all vertices of Q' , then D\ and D2 assign colors only to vertices in V'\^>' . So we 
can apply Theorem [3] for the region VP' and the proof is complete. □ 

So it is sufficient to prove Theorem which we defer till section Q. We use the rest of 
this section to discuss some implications of our result and connections between our result 
and previous established results for strong spatial mixing for coloring of graphs. 

The statement in Lemma [3] is what is referred to as weak spatial mixing [Wei04] . In 
general weak spatial mixing is a weaker condition and does not imply strong spatial mixing. 
This is indeed the case when we consider the coloring problem of a graph Q by q colors, 
i.e. the case when the lists L{v) are the same for all v £ V. However, interestingly, as the 
above argument shows, for the case of list coloring strong spatial mixing follows from weak 
spatial mixing when the graph list pair satisfies Assumption [TJ 

We observed that the strong spatial mixing result for amenable graphs in [GMP05J 
also extends to the case of list colorings. Indeed the proof technique only requires a local 
condition similar to that in Assumption [1] that we have adopted as opposed to a global 
condition like q > aA + f3. Also in [GMP05] . the factor |A| in the definition (TjQ) was shown 
to be not necessary which makes their statement stronger. We show that this stronger 
statement is also implied by our result. In particular, assuming Theorem [2] is true, we 
prove the following corollary. 

Corollary 1. Suppose the graph list pair (Q,C) satisfies Assumption^ Then there exists 
positive constants A and 6 such that given any finite region ^> C Q, any two colorings C\, C2 
of the boundary d$> of ^ which differ at only one point f 6 d*$>, and any subset ACf, 

\\&-!#U<Ae-°«W. (6) 

Proof. Let the color of / be j± in C\ and j'2 in C2. Let C(A) be the set of all possible 
colorings of the set A. 

II^ 1 -^ 2 IIa= |P(^|c(/)=ii)-P(^|c(/)=i 2 )| 

<reC(A) 



E 

<rSC(A) 



P(c(/) = h W) p( , _ P(c(/)=j 2 k) p 



P(c(/)=j 1 ) ^ ' P(c(/)=j 2 ) 



For any j € L(f), using Theorem [2] we have for e = Ae ed ( A >f\ 
P(c(f)=j\a) P(c(/)=i|a) 



p(c(/) = 3) Z^c(A) p W/) = jV)p(^) 
_ E ff - e c ( A)PW)=jk)PK) 

"E rt C(A)PW)=J>')PK) 

E CT ' e c(A)P(c(/)=ik , )(i + e)P(^ / ) 



< 



E^ 6 c(A)PW)=jV)P(0 
1 + e. 
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Similarly we can also prove for any j € L(f) 

P(c(f)=j\a) 
P(c(/)=J) 

Therefore, 



> 1 - e. 



\\&-ltf\W< £ |(l + e )-(l- e )|P(a)=2e. 
ctgc(A) 



□ 



The notion of strong spatial mixing we have adopted also implies the uniqueness of 
Gibbs measure on the spin system described by the list coloring problem. In fact Weak 
Spatial Mixing described in Theorem [3] is sufficient for the uniqueness of Gibbs measure 
(see Theorem 2.2 and the discussion following Definition 2.3 in [Wei04]). We summarize 
this in the corollary that follows. 

Corollary 2. Suppose the graph list pair G,C satisfy Assumption [7J Then the infinite 
volume Gibbs measure on the list colorings of Q is unique. 



4 Proof of Theorem [3 

Let v € V be a fixed vertex of Q. Let m = A(v) denote the degree of v and let vi, V2, ■ ■ ■ , v m 
be the neighbors of v. The statement of the theorem is trivial if m = (v is an isolated 
vertex). Let q v = \L(v)\ and q Vi = \L(vi)\. Also let Q v be the graph obtained from Q 
by deleting the vertex v. We begin by proving two useful recursions on the marginal 
probabilities in the following lemmas. 

Lemma 1. Let ji, j'2 £ Let Cij t j a denote the list associated with graph Q v which is 

obtained from C by removing the color j\ from the lists L(vk) for k < i and removing the 
color 22 from the lists L(vk) for k > i (if any of these lists do not contain the respective 
color then no change is made to them). Then we have 

?g,c(c(v) = h) \\ 1 - IV. /...,. , : , (c(vi) = h) 

Proof. Let Zg t c(j\A) denote the number of colorings of a finite graph Q with the condition 
A4 satisfied. For example, Zg c(c(v) = j) denotes the number of valid colorings of Q when 
the color of v is fixed to be j € L(v). We use a telescoping product argument to prove the 
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lemma: 

Pg,c(c(v) = Ji) = Zg tC (c(v) = Ji) 
Pg,c(c(v) = h) z G,c(c{v) = h) 

= Zg vt c(c(vi) ^ ji, 1 < i < m) 
z Gv,c{c{vi) ^j 2 , 1 < i < m) 
Pg v ,c{c(vi) ^ji, 1 < i < m) 



Pg v ,c(c(vi) ^j 2 , 1 < i < m) 

F Sv,c(c(v k ) ^ ji, 1 < k < i, c(v k ) / 32, i + 1 < k < m) 



n 



l= \ p Gv,c( c ( v k) ^3i, 1 < k < i - 1, c(v fc ) / j 2 , i <k < m) 

it Pg v ,c( c ( v i) ii l c fa) 1 < < i - 1, c(v k ) ^ j 2 , i + l <k <m) 

f-J[ ¥g v ,c{c{vi) / 32 \c{v k ) ^ ji, 1 < k < i - 1, c(v k ) ^ j 2 , i + 1 < k < m) 



□ 

The following lemma was proved in }GK12j . We provide the proof here for completeness. 

Lemma 2. Let j € L(v). Let Cij denote the list associated with the graph Q v which is 
obtained from C by removing the color j (if it exists) from the list L(v k ) for k < i. Then 
we have 

Vg,c{c{v) =3) - 



Proof. 



PgA<v)=j) 



T,keL(v) UT=i (! - p G v ,c t ,Mvi) = k)) 
. Zg,c(c(y) =j) 

Ek&L(v) Z G,c( c ( v ) = k ) 
. z Gv,c(c(vj) ^j, l<i<m) 
Y,k£L(v) z Gv,c( c ( v i) + 1 < * < m) 
P& v ,c(c(vi) ^ j, 1 < i < m) 



EkcL(v) p G v ,c(c(vi) + k, l<i< 



in 



(7) 



Now for any k E L(v), 

m 

VG v ,c(c(v t ) + k, l<i<m) = Pg v ,c(c( Vl ) ± k)^\Vg vA (c{vi) + k\c( Vl ) + k, 1 < I < k - 1). 

i=2 

m 



i=l 



Substituting this into ([7]) completes the proof of the lemma. □ 

Before proceeding to the proof of Theorem [31 we first establish upper and lower bounds 
on the marginal probabilities associated with vertex v. 



8 



Lemma 3. For every j £ L(v) and for I = 1, 2 the following bounds hold. 

P(c(v)=j\C l )<l/p. (8) 

P(c(v) = < (mae-^+^^y 1 (9) 

P(c(v)=j\C l )>q'\l-l//3) A . (10) 

Proof. These bounds were proved in [GK12] with a different constant, i.e. a > a** ~ 2.84. 
Here we prove the bound when Assumption [T] holds. In this proof we assume I = 1. The 
case I = 2 follows by an identical argument. Let C denote the set of all possible colorings 
of the children v\, . . . ,v m of v. Note that for any c G C, P(c(v) = j\c) < [X7^]TZa7^ < V/3- 
and © follows. 

To prove ([9]) we will show that for every coloring of the neighbors of the neighbors of 
v , the bound is satisfied. So, first fix a coloring c of the vertices at distance two from v. 
Conditioned on this coloring, define for j € L(v) the marginal 

Uj = Pg v ,c^(c(v l ) =j\c). 

Note that by © we have tij < Because Q is triangle- free, there are no edges between 
the neighbors of v and once we condition on c, we have 

P ft,Aj( c ( u i) = il c ) = P QvA c ( v i) = j\ c )- 

So we obtain 

Y, %= E p o^(c(«»)=i|c)<i. (ii) 

jeL(v) jeL(v)<r\L{v x ) 
From Lemma [2] we have 

P(c(v) = i|C0 = ^^i"/; , , < JL fl : v (12) 

z^fceL(«) 1L=i _ r «fcJ 2^keL(v) LU=i U _ HfcJ 

Using Taylor expansion for log(l — x), we obtain 

m m vn 12 

n(i - <*) = n eiog(i_tifc) = n 6 '^" 3 ^^^- 

i=l i=l i=l 

where < 6> ifc < £ ifc . So 0j fc satisfies (1 - 6 ik ) 2 > (1 - 1//3) 2 > 1/2 by Assumption!]] Thus, 
we obtain 

11(1 - t ik ) >[J e -(W/^ = e-d+V^E^!^ 
Using the fact that arithmetic mean is greater than geometric mean and using (jlip . we get 

y, nc* -**)>?« ( n n^-*^' 

feei(u)i=i \fceL(«)i=i 

>q v exp I -q~ 1 (l + 1/(3)^2 ^2 

> (am + /3)e~ (1+1//3) ^s 
>«m e -( 1+1 /«i 
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Combining with (|12p the proof of ([9]) is now complete. 

From © we have n^i(l"%) > (l-l//3) m > (1-1//5) A - Also J2 keL(v) II^i (1 " Uk) < 
q v < q. So we have 

P( C (.) = j[c a ) = v nr= n-"n j) ; s * ^ " V# A - 



□ 



For j G define 



and the vector of marginals 



Xj = Pg t c(c{v) = j\Ct), 
Vj = Pg,c(c(v) = j\C 2 ), 



x = (xj : j G L(v)) , 
y = (Vj ■ 3 e L(u)) . 



We define a suitably chosen error function which we will use to establish decay of 
correlations and prove Theorem [3l This error function E(x, y) is defined as 



E(x, y) = max log ( — ) — min log ( — | 

jeL(v) \yjj jel(v) \yjj 



By (flO|) of Lemma[3]we have Xj, yj > for j G L(v ). So the above expression is well-defined. 
Let ji € L(v) {]2 G L(v)) achieve the maximum (minimum) in the above expression. Recall 
that for given we denote by ^i,j 1 j 2 the list associated with graph Q v which is obtained 

from C by removing the color j\ from the lists L(vk) for k < i and removing the color j% 
from the lists L(vk) for k > i. Define for each 1 < i < m and j G Lij lt j 2 (vi) the marginals 

Xij = Pg V! c idlJ2 (c(vi) = j\d), 
Vij = ¥g v ,c itjuh (c{vi) = j\C 2 ). 

and the corresponding vector of marginals 

x i = ( x ij • 3 ^ Li ) j 1 j 2 \Vi)) j 

yi = (yij ■ j e Li,h,j 2 {vi)) . 

First we prove the following useful fact regarding the terms appearing in the definition 
of the error function. 

Lemma 4. With Xj and yj defined as before, we have 



max log — > 0, 
j&L(v) \yj ' 



min log ( — ] < 
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Proof. We have E j& L(v)( x j ~ Vj) = £je£(«) x i ~ £jez» Vi = °- This § ives 

q v max (xj - yj) > ^2 xj - yj = 



which implies max log ( — ] > 0. 

jeL(v) V Vj J 



Similarly, 



q v min ( Xj -yj)< x i -yj = ° 



which implies min log ( ±1 ) < o. 

jeL(v) \yj 



□ 



We are now ready to prove the following key result which shows that the distance 
between the marginals induced by the two different boundary conditions measured with 
respect to the metric defined by the error function E(x, y) contracts. Let e € (0, 1) be such 
that 

d-«) 



(l-l/f))ae-i< 1+1 /f)' 
Assumption Q] guarantees that such an e exists. 
Lemma 5. Let mi = Ag v (vi). Then 

-E(x, y) < (1 - e) max — E( Xi , yi ). (13) 

m t:mj>0 TXli 

The expression on the right hand side of U3\) is interpreted to be if mi = for all i. 
Proof. If ji = j2, then E(x, y) = 0. Otherwise, 

E(x,y)=log(^)-log (S* 
= log - log (V* 



Introduce the following variables: 

Zij = log (Xij) 

Wij = log (yij) 
Using the recursion in Lemma [1] we have 



1 - e Zij i 



E(x,y) = iog -' og III 



1 - e Wi n 



\i=l 



\i=l 



^log(l-e 2 ^i)-log(l-e ,J 



4=1 



^ log (1 - e 2iJ 2 ) - log (1 - e Wi ^ ' 



4=1 
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For j = j 1 ,j 2 let 

m 

Zj = J^log(l-e*«) 

i=l 
m 

^ = ^log(l-e^)- 

i=l 

Then we can rewrite E(x, y) as 

E(x,y) = {z h - w h ) - (z h - w h ). (14) 
Define the continuous function / : [0, 1] — > R as 

m m 

f(t) = J^log(l - e^) - ^log(l - e *y +*(*«"*«)). 

i=l i=l 

Then we have /(0) = and /(l) = Zj — u;,-. Applying the mean value theorem, there exists 
t e (0, 1) such that 

z,-^- = /(l)-/(0) = f(t). 
Computing the expression for /(i), we get 

i=l 

Observe that if j £ L iJld2 (vi), then Pft,,!*.,^ (c(i«0 = j'|Ci) = Pg v ,L idl A (c(v f ) = j|C 2 ) = 
0. Hence for j ^ Lij 1 j 2 (vi), we have = Zy. Also if mj = then v is an isolated vertex 
in Q v and in this case we also have wij = Zij. Using this fact, we have 

*7 "\i 2^ 1 {^L l , n , 32 (v l )} I " _ e *.. +,(„,.._*..) J ( "'J " Zij)- 
i:m,i>0 \ / 

From convexity of e x and Lemma [3] we have 

< e *ii+*(«%-*ii) < t e ^i + (l _ t )e z » < (m;a e -^ (1+1//3) ) ~\ 
Similarly, again using Lemma [3] we have 

o< i r < 1 



1 _ gZij+tiWij-Zij) - 1 _ 1/^' 

Combining we have for j = j\ , j'2 , 

< —, r < 



1 _ e %+tK-^i) (1 _ / iae -I(i+i/« 



From LemmaHwe have max fc6ii >J1J2 (^)Mfc - ^fc} > and min fe6i . ^ ^(^{wi* - 2ifc} < 0. 
Using this 

- Wj! < y2 ~ — ■ max { Wik - z ik}> 

i:m;>0 .ji.j^x 
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and 



i:m;>0 

By using the above bounds in we get 



min {w ik - z ik }. 

^ m,i keL ith j 2 {vi) 



^<y)<- E (^) 

i:rn,i>0 v 1 7 

E (^) E ^< 



max - Zik} - min - 



i:m,i>0 

< m max (- -]E(xj,yi). (15) 

i:mi>0 \ mi J 

The proof of Lemma [5] is now complete. □ 

We now use Lemma [5] to complete the proof of Theorem [3j Let i* achieve the maximum 
in ([15]), that is, i* = argmaxj ^-E^ )jCi ^ n (xj, yj. Let Cy 1 = /3 1 = £i,j u j 2 , v 1 = Vi* and 
(x^y 1 ) = (xj*,yj*). Lemma [5] says that s ^yE(x,y) < (1 - e)^^ T yE(x 1 , y 1 ). Note that 

the graph list pair (Q ,C ) satisfies Assumption [TJ We can then apply apply Lemma [5] to 
v\G\C l to obtain v 2 ,G 2 ,C 2 such that K -i_ ry E(x 1 , y 1 ) < (1 - ^—L-^Etx 2 , y 2 ). If we 

let d = d(v,d^/), then applying Lemma [5] successively (i times we obtain 

where the second inequality follows from Lemma [3j This gives for any j € L(v), 

log( — ) < max log ) <E(x,y) < 2A(logg - Alog(l - 1//3))(1 - e) d 
\Vj J 3 \VjJ 

Let F = 2A(log q — A log(l — 1//3)) . The quantity F depends only on the quantities defined 
in Assumption [1] and does not depend on the vertex v. Let do be large enough such that 
exp(F(l - e) do ) < 1 + 2F(1 - e) d °. Then for d > d , we have 

P(c(t;)=j[C 1 ) < _ 7 , 
P(c«)=j[C7 2 " 



where 7 = — log(l — e). For d < d, 







P(c(u) =j|Ci) F-Hydo --yd 

P(c(«)=j|C7 a ) " i + e 
Taking 5 = max{e F+7cfa , 2F} we get 

P(c(v)=j\C 2 ) ~ l + Ue • 

The lower bound on the ratio of probabilities is obtained in a similar fashion. This completes 
the proof of Theorem [3j 
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5 Conclusion 



In this paper, we proved that the strong spatial mixing for the list coloring problem holds 
for a general triangle free graph when for each vertex of the graph the size of its list is at 
least aA(v) + (3 and a > a* ~ 1.763. This extends the previous results for strong spatial 
mixing of colorings for regular trees [GS11| and for amenable triangle free graphs [G MP05] . 
An interesting next venture would be to use this long range independence property to 
produce efficient approximation algorithms for counting colorings similar to [GK12]. The 
main obstruction that we face here is that in order to prove contraction of the recursion 
for a* ~ 1.763, we need to use bounds on the probabilities mentioned in Lemma El This 
restricts our result to correlation decay with respect to distance in the graph theoretic sense 
instead of correlation decay in the computation tree, which was key to producing FPTAS 
in [GK12] . 

It would also be interesting to establish this result for smaller a. It is conjectured that 
a = 1 and (3 = 2 suffices but at the moment we are quite far from this result. 

References 

[BG08] A. Bandyopadhyay and D. Gamarnik, Counting without sampling: Asymptotics 
of the log-partition function for certain statistical physics models., Random Struc- 
tures and Algorithms 33 (2008), no. 4, 452-479. 

[GK12] D. Gamarnik and D. Katz, Correlation decay and deterministic FPTAS for count- 
ing list- colorings of a graph, Journal of Discrete Algorithms 12 (2012), 29-47. 

[GMP05] L. A. Goldberg, R. Martin, and M. Paterson, Strong spatial mixing with fewer 
colours for lattice graphs, SICOMP 35 (2005), no. 2, 486-517. 

[GS11] Q. Ge and D. Stefankovic, Strong spatial mixing of q-colorings on bethe lattices, 
arXiv:1102.2886v3 (2011). 

[HV05] T.P. Hayes and E. Vigoda, Couplings with the Stationary Distribution and Im- 
proved Samplings for Colorings and Independent sets, Proceedings of the Six- 
teenth Annual ACM-SIAM Symposium on Discrete Algorithms (SODA), 2005, 
pp. 971-979. 

[Jer95] M. R. Jerrum, A very simple algorithm for counting the number of k- colourings of 
a low-degree graph., Random Structures and Algorithms 7 (1995), no. 2, 157-165. 

[Jon02] J. Jonasson, Uniqueness of uniform random colorings on regular trees, Statistics 
and Probability Letters 57 (2002), 243-248. 

[Mol04] M. Molloy, The glauber dynamics on colorings of a graph with high girth and 
maximum degree, SIAM Journal on Computing 33 (2004), no. 3, 712-734. 

[VigOO] E. Vigoda, Improved bounds for sampling colorings, Journal of Mathematical 
Physics 41 (2000), no. 3, 1555-1569. 

[Wei04] D. Weitz, Mixing in time and space for discrete spin systems, Ph.D. thesis, Uni- 
versity of California Berkeley, May 2004. 

[Wei06] , Counting independent sets upto the tree threshold., Proceedings of the 

thirty-eighth annual ACM symposium on theory of computing (STOC), 2006, 
pp. 140-149. 



14 



